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Abstract 

In this paper we describe the heterotic dual of the type IIB theory compactified to four 
dimensions on a toroidal orientifold in the presence of fluxes. The type IIB background is 
most easily described in terms of an A^-theory compactification on a four-fold. The het- 
erotic dual is obtained by performing a series of [/-dualities. We argue that these dualities 
preserve supersymmetry and that the supergravity description is valid after performing 
them. The heterotic string is compactifled on a manifold that is no longer Kahler and has 
torsion. These manifolds have to satisfy a number of constraints, for example, existence of 
an holomorphic three-form, size limits, torsional equations etc. We give an explicit form 
of the background and study the constraints associated to them. 
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1. Introduction 

The standard model has had great success in describing elementary particles and their 
interactions. But since the standard model contains many free parameters we hope that 
there exists a theory beyond the standard model capable of explaining quantities like the 
pattern of quark and lepton masses or the size of the gauge hierarchy. String theory is an 
excellent candidate to be such a theory since it does not contain any free dimensionless 
parameters at all. Instead it has many scalar fields, the moduli fields, that describe the 
different shapes and sizes of the internal manifold. The parameters of the standard model 
should then ultimately be fixed in terms of the vacuum expectation values of these fields. 
To leading order in the supergravity approximation string theory contains many degen- 
erate ground states labelled by the moduli fields since their expectation values cannot be 
determined. This is an unattractive situation since it seriously limits the predictive power 
of string theory. 

The string and Al-theory effective actions contain quantum gravity corrections which 
are of higher order in derivatives. After taking these into account the tensor fields acquire 
non- vanishing expectation values. The first example of this phenomenon were found in [|l[] , 
for compactifications of the heterotic string. In the presence of these fluxes the moduli 
fields are no longer arbitrary. Indeed, in and Q the constraints on the moduli fields 
for supersymmetric type IIB compactifications to four dimensions were obtained by lifting 
the A^-theory compactifications on a Calabi-Yau 4-fold found in to jF-theory. 

In the context of 7W-theory compactifications on Calabi-Yau 4-folds the fiuxes give 
rise to a supersymmetric background if 

GAJ = and ^(3,1) = ^(4,0) = 0, (1.1) 

where G is the 4-form of eleven-dimensional supergravity and J is the Kahler form of the 
internal manifold. The first equation in (1.1) determines the Kahler moduli and the second 
equation determines the complex structure. 

The supersymmetric backgrounds are not the only solutions of the equations of motion. 
Indeed, any self-dual fiux, i.e. any fiux that satisfies G = -kG, will solve the equations of 
motion. So it is consistent to turn on a flux proportional to the holomorphic (4, 0)-form of 
the Calabi-Yau or proportional to JA J 0. These additional vacua have two intriguing 
properties: they break supersymmetry and they have a vanishing cosmological constant. 
This is certainly very interesting from the phenomenological point of view. 
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If we include fluxes, besides having vacua with a vanishing cosmological constant and 
a broken supersymmetry, it is possible to determine the ground state of the theory, as we 
have seen. Moreover in compactifications with fluxes a non-vanishing warp factor has to 
be included in the metric. This warp factor provides one of the few known mechanisms for 
naturally generating a large hierarchies of physical scales. Recently it has been speculated 
that the masses generated by the fluxes could even be at the phenomenological viable TeV 
scale . All these properties are essential in order to make contact between string theory 
and the real world. 

In this paper we would like to understand if these properties can also be found in 
compactiflcations of the heterotic string. 

In the context of the heterotic string compactifled to four dimensions it is also possible 
to include fluxes. But the situation is a bit different than in type II compactiflcations. 
Indeed, if we compactify the heterotic string on a Calabi-Yau 3-fold non-vanishing fluxes 
will always break supersymmetry. The difference to type IIB compactiflcations arises 
because there is only one 7i-fleld for the heterotic string rather than two. It is only possible 
to turn on a flux proportional to the (3, 0)-form If we start with a manifold that is 
non-Kahler and has torsion a flux is needed rather than forbidden to have an unbroken 
supersymmetry [0, 0, 0. The space-time metric will no longer be a direct product but 
we have to include a warp factor. 

In this paper we discuss the background for a compactiflcation of the heterotic string 
on a manifold with torsion. In section 2 we start by constructing examples of A^-theory 
compactiflcations with fluxes to three dimensions on /Q where Q is an orbifold group. 
One of the examples is the A^-theory lift of a compactiflcation on the orientifold j'S.i 
recently discussed by Kachru, Schulz and Trivedi (KST) We discuss the massless 

multiples that are present in three dimensions and flnd agreement with the fleld content 
of the KST model in one example. In section 3 we lift the A^-theory compactiflcation 
on T'^/Q X T'^/Q' to jF-theory or equivalently to a compactiflcation of the type IIB the- 
ory to four dimensions. By performing a series of t/-duality transformations we flnd the 
background for the compactiflcation of the type I/heterotic string to four dimensions. We 
obtain the metric and fluxes for the type I/heterotic side. In section 4 we consider a con- 
crete example of an heterotic dual. The six-dimensional internal manifold we get is no 
longer Kahler and has torsion since on the type IIB side we started with non-vanishing 
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NS-NS fluxes. These manifolds were described by Hull [|T|, Strominger and by de Wit- 
Smit-Hari Dass 00. An explicit compact example was first given in ^j. In the later part 
of the paper we show in detail that the background satisfies the torsional constraints that 
are imposed by supersymmetry. We conclude with some comments on various extensions 
of our idea. 



2. A^-Theory Compactified on T^/g 

2.1. Type IIB String Theory on the Orientif old 1^.2 



Recently motivated by Kachru-Schulz-Trivedi \TL\ and Frey-Polchinski studied 
a novel type IIB compactification on the j'S.2 orientifold in the presence of NS-NS and 
R-R 3-form fiuxes. The orientifold action can be denoted by 0(— 1)^^X5 where Tg stands 
for the refiection of all the compactified dimensions. In this compactification many of the 
moduli get fixed. In the presence of 3-form fiuxes the superpotential 

W= [g^AQ. (2.1) 



is generated. Here O is the unique holomorphic (3,0)-form on T^, and Gs is given in 
terms of the NS-NS 3-form H and the R-R 3-form H' by G3 = H' — (pH. We denote the 
axion-dilaton combination hj (p = cj) -\- ie~^ . Observe that W survives on jTLi. 

The supersymmetry preserving background follows from minimizing the superpoten- 
tial with respect to the dilaton and the complex structure r^j of the torus 

M^ = 0, d^W = ^ and a^.^T^ = 0. (2.2) 

Solving (2.2) KST showed explicitly how many of the moduli in this problem pick up some 
definite values. 

The compactification of the type IIB theory on jlLi can also be studied directly 
from the A^-theory point of view where many of the equations get simplified. In fact, the 
type IIB model follows from a simple orbifold of A^-theory in the presence of G-fiuxes. 
In the next couple of sections we shall elaborate this. We will show how the multiplet 
counting, anomaly analysis etc. result from the Al-theory point of view. 



^ The torsional backgrounds have also been addressed in a series of papers by Gates et. al [11|. 
However they considered a torsion that is closed. This is not the case we would like to consider 
here. 
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2.2. M- Theory Lift 

Let us now consider the A^-theory hft of the type IIB model in some detail. The base 
of the 4- fold is where, as we have seen above, ^2 is an orientifold action. The 4- fold 

should be a torus fibration over the base. So we have two possibilities: 

1. Over each fixed point of the fiber degenerates as T"^ /I2 and everywhere else 
the fiber is . This would correspond to the 4- fold T^/Xg where T„ is a pure orbifold 
action acting on the coordinates Xi of T"^ for i = 1, ... n. 

2. We could also have the orientifold action of the base to be ^2 = 0(— 1)^^X2 x X4 so 
that the 4-fold becomes T^/G = x TVX4. 

For both cases the Euler characteristic can be related to the perturbative spectrum of 
massless multiplets. In the absence of any fiuxes we expect the Euler characteristic to be 
given by 

X = 24n, (2.3) 

where n is the number of M2-branes. 

From the ten-dimensional point of view this would correspond to the type IIA string 
theory on /Q, where Q can be any of the above two actions. Under a single T-duality 
of one of the cycles the Q action goes to Q' = and we have the type IIB theory 

on T^/Q'. Here we have n elementary IIB strings which are required to cancel the 2-form 
NS sector tadpole p[], jll . 



The Euler characteristic can now be given in terms of ni (massless states in the NS-R 
sector) and 7^2 (massless states in the R-R sector) as 

X = 2ni-n2, (2.4) 

where we have used / Xg = — x/24. Here Xg is a polynomial of fourth order in the 
Riemann tensor whose definition can be found for example in The values of ni and 
n2 can be argued from the massless spectra in type IIB. 
For T^/Ig we have 

m = -64 and n2 = 256. (2.5) 

The negative sign for ni can be explained as follows. The state surviving the GSO projec- 
tion from the left, as well as the Xg projection is (8v)l x {8s) r. Here L, R denote the left 
and right moving sectors of the type II string while 8v,s are the SO{8) vector and spinor 
representations. Since (8s)i? has (— 1)"^^ = —1 these contribute a net factor of —64. 
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For T^/g = T^/I^ X T^/I^ we have 



m = -160 and n2 = 256. (2.6) 

There is a small subtlety that we mention at this point. For the 4- fold T^/Tg the R-R 
sector twisted states all have (—1)^^ = 1, however the NS-R twisted sectors are removed 
because there are no massless states. 

Let us now determine the massless multiplets from compactifying the type IIA theory 
(or 7W-theory) on the above 4-folds. Let hij be the Hodge numbers of the 4-fold. As we 
know, the metric qmn contributes hn + 2/i3i non-chiral scalars, the tensor fields Bmn 
and Cmnp contribute hn and 2/i2i non-chiral scalars respectively. The spin-3/2 particles 
come from the gravitinos and their number is given by the Dirac index of the 4-fold. These 
ten-dimensional gravitinos also contribute to the spin-1/2 particles, and their number is 
given by the Rarita-Schwinger index. These indices are given by 

mrf(^3/2) =m--(p2- ^ j and ind{p,/^) = -, (2.7) 
where is used to label the supersymmetry as {N/2, N/2) and pi are the Pontryagin 



classes. Therefore we have the following multiplets in two dimensions |16 



/ A^ , A^ \ 2k /N N \ , , 

where the first one is the gravity multiplet and the second one is the non-chiral matter 
multiplet. 

For the 4-fold k is defined as 

k 

- = /ill + /l21 + /l31 (2.9) 

If the 4-fold is a Calabi-Yau manifold then the above expression for k can be further 
simplified to 

A; = I - 16 + 4/121. (2.10) 

This is however not the complete spectrum. From (2.3) and (2.4) we see that the 
consistent vacuum also contains wandering fundamental strings. The collective coordinates 
of these fundamental strings contribute 8 copies of (^, ifj) to the total number of {N/2, N/2) 



non-chiral matter multiplets. Therefore a consistent vacuum will have m scalar multiplets 
where m is given by 

2k , 2 |2ni-n2| 

For T^/Is we have = 16 and the Hodge numbers are hn = 16, /i2i = 0, hsi = 16 
and k = 64. Therefore we have 

(^^,>,8^^,8^) © 24(8(/),8^), (2.12) 

massless multiplets in two dimensions. Observe that if we ignore the contributions from 
wandering strings then we find agreement with the multiplets of the type IIB model con- 
sidered in Ijl^. Indeed, if we compactify the examples considered in [jl^ on T^, so that we 



would have the type IIB theory compactified on x T^, then we would have a total 

of 65 scalars. This agrees exactly with the number of scalars found in (2.12) if we ignore 
the wandering strings. 

For the T^/X^ x jX^ case we have N = 8 and the Hodge numbers are hn = 40, /i2i = 
0, ^31 = 40 and k = 160. Therefore we have 

(^7;..,<^,4^^,4^) © 88(4^/), 4^), (2.13) 

massless non-chiral multiplets in two dimensions. 

2.3. Flux Analysis and M2-Branes 

Let us now consider the situation in the presence of fluxes. A4-theory on a 4-fold y 
can be related to IIB in two different ways. We can have y x T"^ and shrink the two torus 
to zero size. This way we have type IIB on a 4-fold y. On the other hand if y itself is a 
fibration over a base B then we get type IIB on a six-manifold B. 

For the case that we consider the type IIB theory compactified on a 4-fold 3^ the 
two-dimensional vacuum preserves chirality and hence induces a vacuum momentum given 
by 0, 



Lo-Lo = ^. (2.14) 

This is computed by using the fact that a free periodic boson has vacuum energy —1/24 
while a free periodic fermion has energy 1/24. In the absence of fiuxes this vacuum momen- 
tum is related to the 0-plane and D-branes charges of the type IIB theory compactified 
on B. 
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For 3^ = and B = the 4-form of eleven-dimensional supergravity G will 

satisfy 

1 

G = --G AG - Atv'^Xs - ^7v^J2^^(^ ~ ^^^^ (2.15) 

i=l 

when A^-theory is compactified on the 4-fold. The Hodge ★-operator is defined with respect 
to the warped metric. We denote the number of M2-branes by n and are also using the 
membrane tension T3 = 1. 

The above equation integrates to give the anomaly condition. Therefore when the 
type IIB is compactified on the six-manifold the Xg term should be related to the number 
of 03-planes and n will be correspond to the number of D3-branes. The GAG term will 
give rise to the HAH' term in type IIB. Therefore (2.15) will eventually become 

16 = n- / HAH'. (2.16) 



JB 

For the case when y = K3 x K3 and B = x K3 the analysis is a little more 

elaborate. Going from A^-theory to type IIB gives us not only 0-planes but also D-branes. 
In fact, as discussed earlier in many papers, we get 4 07-planes and 16 D7-branes. These 
D7-branes when wrapped on the other K3 give rise to anti-D3-branes. Details of this 
have appeared in |T^]. We would like to concentrate on the origin of the gauge fiuxes on 



the D7-branes. The A^-theory origin of these fiuxes are the localized G-fiuxes near the 
singularities of T^/I^. To make this a little more precise, let us concentrate on the region 
near one orbifold singularity. This local region will look like a Taub-NUT space. Therefore 
Al-theory is compactified on TN x K3 where the various directions are 

TiV: ------ 7 8 9 10 

K3: - -3456---- ^ ' 

If we denote the metric of TN x K3 by (7^5, where a, 6 label the complex coordinates, 
and the metric of the fiat space-time by r]^^, then the metric for the whole system will be 
warped as 

ds^ = e-'^^y\^,,dx''dx'' + e^^^y^g^idy^dy'^ (2.18) 
where $(y) is the warp factor. 



The G-flux can be expanded as! 

G * 

— = dz A uji + dz Au2 + y^ F' An\ (2.19) 

ATT ^ — ^ 

i=l 

where i = 1, . . . , 4 labels the four set of singularities on the base T'^ /I2 of T^/X4, z is the 
complex coordinate of the fibre and is a 3-form on the base B = x K?>. As we 

know, at every fixed points of the base the fiber is T'^ /I2 with four fixed points. Therefore 
one set of singularities in our notation will have four fixed points. are the harmonic 
two-forms on jX^^. The zero-modes of the two-forms satisfy the condition 

V[^Oj,p] = 0. (2.20) 

The solution of (2.20) can be divided into self-dual and anti-self-dual parts. The self- 
dual part, which is a singlet of the holonomy group SU{2), is covariantly constant tensor 
and is not normalisable. We choose the anti-self-dual part which is normalisable and hence 
localized at the fixed points of T'^ jX/^. These localized forms are used to get gauge fields 
-F^^ on the D7-brane world-volume. The X% term of A^-theory now contributes to the 
gravitational couplings on both D7-branes and 07-planes. The warp factor satisfies 



4 (2.21) 
[tr(i? AR)- tr{F^ A F^)] d^^\x - Xj) 



4 ^L-- . ■■- - -JJ^ 

i=i 

where n is the number of D3-branes and the sum is over four copies of one 07-plane plus 
four D7-branes. The factor of a quarter in front of the curvature terms can be calculated 



by carefully taking the gravitational couplings of D7- and 07-planes into account [^. The 
Hodge ★ and the Laplacian are with respect to the unwarped metric. 

For A^-theory on T^/Xg one can show that there are no normalisable harmonic 2- 
forms at the orbifold singularities. This is related to the fact that T^/Xg cannot be blown 



This equation has also appeared in |19| and |20| in a different context. In |1£] this is used to 



understand the supergravity dual of A/" = 1 theories and in |2C], inflationary scenario. It is shown 
in |2C] that choosing LOi to be non-primitive, we could still make G primitive and this could be used 
to reach a supersymmetric background which is the minima of the hybrid inflationary-potential 
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up to a smooth Calabi-Yau. In other words the blow up operators are irrelevant rather 
than marginal. This is consistent because we only have 03-planes from the singularities 
and no D-branesi. 

Finally let us understand the A^-theory lift of the exotic 03-planes discussed in |1T0[] . 
We shall be brief here and the reader wishing to understand more should consult the 



literature [23| [2^] |25] [12| |26]. In the above discussion, there are four 2-planes each with 
charges —1/16. Combining them we get a total charge of —1/4 which is the expected value 
of a OS-plane in IIB. To get the exotic OS-plane one has to combine two 2-planes and two 
OM2'^ planes. These OM2'^ planes have charges — S/16 each. Combining them we get 
the exotic OS charge of 1/4. 



3. A Compactification of the Heterotic String on a Manifold with Torsion 

In this section we will study a specific example of Heterotic 5*0 (S2) string compact- 
ification with torsion. We begin with type IIB theory compactified on an orientifold and 
perform a series of [/-duality transformations to reach our heterotic model. The type IIB 
theory that we start off with is compactified on /'S.2. The ^2 action is 0(— 1)^^X5 and 
Xq = X897654 reverses the all the tori directions. In the following note we shall however 
assume that the ^2 action acts as T'^ jTL^ x jX/^ where TL^ = 0(— 1)^^X39 and X4 = 17654. 

We also have a nontrivial H and H' background in type IIB. However we should be 
careful about the choice of the H and H' fields. It is known that under the orientifold 
action 0(— 1)^^ the two H fields are transformed by the SL{2, 2) matrix 

M=(-; °^). (3.1) 

Therefore only those fields which have one of their components along the torus directions 
will survive this projection. Thus our H and H' backgrounds have a leg along the 
parametrized by the 8, 9 coordinates. 

The two T-dualities along the two circles of T^/Z2 will convert 0(— 1)^^X39 to O |1S]. 
In other words it will take our orientifold theory to type I theory. In what follows we will 
specify the exact backgrounds for the type I theory. In the special case when we start with 



An alternative way to see this is as follows. To get gauge fluxes we need h^'^ = 256 but 
from Hodge diamond /Is has h^'^ = 16. All these are from the untwisted states and therefore 
constant. 
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type IIB with H = H' = 0, the type I theory that we get by performing two T-duahties is 
compactified on K?> x T^. In the presence of backgrounds this is no longer the case. On the 
type I side we get a six-dimensional manifold which is a non-Kahler complex manifold with 
vanishing first Chern class 0. And there is a nontrivial antisymmetric field background 
on it which we can specify exactly. 

But before we go into this we should first see how the couplings and volumes of the 
compactified space change under the series of [/-duality transformations. 

3.1. The Coupling Constant Maps 

Let us take the type IIB theory compactified on x T'^/X4. We take the volumes 

of /'S.2 and jX^ to be v and v respectively. In total the six-dimensional internal 
manifold has a volume V — vv. We also define v — R1R2 where -Ri, R2 are the two radii 
of T2/Z2. 

Under two T-duality transformations, which take Ri cx' /Ri [i = 1,2), we go from 
the type IIB theory to the type I theory. The various couplings constants and volumes can 
now be specified in terms of type IIB variables: 

91 = — VI = — , VI = v and g} = —=. (3.2) 

V V y/vv 

Here gi and gs denote the ten-dimensional type I and type IIB couplings respectively. By 
g^"^^ we denote the four-dimensional type I coupling. 

Under an ^'-duality transformation we get the heterotic SO(32) theory. The various 
couplings and volumes in this theory can again be written in terms of type IIB variables: 



V ~ a vv- (4) / gs on 

9het = —. , Vhet = , Vhet ,g o 9het=\ r (3-3) 

a' 93 9b oi'^g% \ vol' 



In order to get (3.3) we have used the S'0(32) heterotic-type I relations 

^MAT = 9 1 ^9mnj 



9het — 9l^- 



(3.4) 



Observe that the volume Vhet is independent of v and only depends on the type IIB 
coupling. 

In compactifications of the type IIB theory to four dimensions with fiuxes the dilaton 
is generically stabilized Therefore the type IIB coupling is gs ~ 1- Let us consider 
the large volume limit of the type IIB theory: 

fits ^ 1, V » 1 and v » 1. (3.5) 
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Prom our mapping to type I we find 



gf' ^ and Vi = a'^v/v. (3.6) 

Therefore the six-dimensional compact type I volume can be adjusted by picking some 
definite ratio between the two volumes in type IIB keeping their individual values large. 
For the 50(32) heterotic case we find: 

r/itl^O and Vhet»l. (3.7) 

From the above analysis we see that we can use supergravity analysis to study the 
various four-dimensional theories. There is a subtlety related to the large volume limits 
considered here. We shall comment on this in later section. 



3.2. Type IIB Orientifold Background 

To discuss the type IIB orientifold background the starting point is the effective action. 
In the absence of sources it is given byBp7[| 

SiiB = Sns + Sfiu + Scs^ (3.8) 

with 

Sns = 5^ / d^'x^e-'* (fl + 4(9^.)^ - ^//^) , 

The NS-NS and R-R field strengths H and H' are related to the potentials by 

H = dB and H' = dB' . (3.10) 

^ Throughout the paper we shall always be in the string-frame, except in sec. (4.2) where we 
will go briefly to Einstein-frame. It will hopefully be clear from the text when we switch frames. 
Also in our notations Qmn will be unwarped metric of six compact directions. Type IIB coupling 
constant will be denoted hy qb and we shall keep it throughout the text even though we take 
examples where qb = 1- Moreover the Hodge * will always signify duality wrt warped metric, 
and i wrt unwarped metric — unless mentioned otherwise. 
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The fields H3 and -F5 are defined by 

Hs = H'- 4>H, 

1 1 (3-11) 

F5 = dD+ - -B' AH + -B A H'. 
^ 2 2 

The field strength Fi is given by the derivative of the axion Fi = dep. 

The self-duality condition F5 = -kF^, cannot be derived from any known Lagrangian 

and must be imposed by hand. In the absence of sources the equation of motion for F5 is 

dF5 = H A H'. (3.12) 

We will have D-branes and 0-planes in the type IIB bulk. As discussed in section 
(2.3) in the present example we will have 4 07-planes and 16 D7-branes, that induce a 
negative D3-brane charge. These will introduce additional contributions to the effective 
action and equations of motion. The equation of motion for F5 takes the form ||2^ 

dF5 = HAH' + p, (3.13) 

where 

In the presence of H and H' backgrounds and sources the metric in the string frame 
will have the following form: 

ds"" = Aiyy^^dx^dx" + A{y)g^^dy^dy^, (3.15) 



where A(y) is the warp factor. The warp factor and 4- form potential are related by |j2l 

D^^px = —e^^pxA{y)~'^. (3.16) 
9b 

Therefore the equation of motion for F5 is the determining equation for the warp factor. 

3.3. T-dual Map and Type I Background 

Let us start with our type IIB orientifold model where the orientifold action has 
been described earlier. When we make two T-dualities along the two circles of 
the operator 0(— 1)^^X39 changes to O and we get the type I theory. We will assume all 
the fields and the warp factor to be independent of the torus directions. The H and H' 
fields are non-zero only on the internal space (i.e on x K?>). Let us begin with the 

situation where the torus is not a square torus, i.e g^^ 7^ 0.i Now we go to the type I 
theory by T-dualisingi first along the x^ direction and then along the direction of the 

Recall that the directions of T'^ jlL^ x are a;^'^' "'^ and x°>i>2>3 are the usual coordinates 
of Minkowski space. 

^ We will assume 47r^a' = 1 henceforth. 
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In the next section we shall consider a particular orbifold example where the complex 
structures Tij of the tori involved are i5ij. For such cases the metric of can be 

written in terms of "flat" coordinates w in the following way: 

ds'^ = C dwdw, (3.17) 

where C is a constant and w is defined as 

4 

dw^Y[{z-z')~^dz. (3.18) 

However this does not mean that the metric is flat everywhere. At the four points Zi 
(which are the fixed points of T^/22) there is a deficit angle of n. And of course, there is 
an overall warp factor. Using the earlier notation of A as the warp factor our metric is 



^gmn 



where Qmn is the unwarped metric of x K3. 



(3.19) 



With the above considerations we can now use Buscher's T-duality rules ||3^, ||3T| 



H to predict the exa.t form of type I rrretric arrd the antisyrrrrrretric field backgrourrdB. 

Since we are taking our torus to be non-diagonal the T-dual fields would be complicated. 
Let us denote the T-dual metric as where m, n = 4, 7 labels the K3 directions and 
m,n = 8,9 labels the tori directions. To simplify our formulae let us define two 2x2 
matrices as 

^ ^ ^88 ^89 \ gis gk ^ (3 20) 

where g is as usual the unwarped metric. The metric in type I theory is now related to 
the metric in IIB by the following simple relations: 

tr g^ = ^tr g~^ and det g^ = ^ det g''^. (3.21) 



^ In what follows we use the conventions of |32]. In this convention a p-form field will be 
defined as ('i^)MiA'2 - Aip+i = (P+l)^[Mi^Ai2- Mp+i] which symbolically can be denoted as {dA)p^i = 
{p+ l)dAp. The convention of is (dA)p+i = dAp. In differential geometry language a p-form 
will be defined with l/p\ i.e H = ^H^^..^pdx'^^ A ... A dx'^p . 
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To find the let us define another 2x2 matrix: 



On the KS base these S-fields will form a vector bundle with globally defined field strength. 
Using (3.22) one can simplify considerably the other components of the type I metric to: 

I _ , tr (6(74) det {bai + gas) + tr (bas) det (6(72 + gcri) , . 

9mn - ^9mn + ^^^^ , [6.Z6) 

where Uj are the Chan-Paton matrices 

^^=(J 0)' ^^=(0 J)' ^^=(0 ?)' ^^=(? o)- ^^-24) 

The metric has also picked up off diagonal components which are related to the background 
B field by 

J detibai+gas) j det(6a2 + ^cxi) 

^«-= Adet^ ^^-= Adet^ " ^^-''^ 

Analyzing the above equations wc find that we no longer expect a simple product 

metric in type I. The metric is not only warped but also loses its simple product form. For 

the fields we see that it depends on all the type IIB fields like the 4-form field Dmnpqj 

the axion and the two S-fields: 

S'88 (3.26) 

^8m = ~^9m + ^B^rn, -Bg^ = -Bg^ - S|g = -0. 

The above is therefore the complete background when we do not assume any approx- 
imations. Observe that the metric and the B fields depend non-trivially on the complex 
structure. In the next section we will however consider a slightly simplified background 
where 

^89 = 0, (^ = and i^^g^„ = 0. (3.27) 

The last equation is trivially true because the 4-form is not self-dual in the presence of 
H and H' . The set of equations (3.21), (3.23), (3.25) and (3.26) simplify drastically by 
applying (3.27): 

9mn = ^9mn + — + — , 988 = ^T^' ^99 = ^T^- (3-28) 

A^88 A^gg A^gS A^gg 
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The off-diagonal components of tlie metric also take a very simple form. They depend only 
on the B fields: 

T Bgjji T Bg^ J 

= a;^' f9m = TT^, ^89 = 0, (3-29) 

together with the fields reducing to 

-^mn = 6-B[9m-S^8] ' -^8m = ~-^9mi -^9m = -^8m7 -^89 = 0- (3.30) 

The set of backgrounds given in (3.28), (3.29) and (3.30) will be very useful to study 
the simple orbifold theory in the next section. The above form of metric can be recast in a 
more suggestive way which would clarify the topology of the six-manifold on the heterotic 
side. To see this let us first define a vector A as 

^=(t:). (3.31) 

Using this expression we see that metric of the six-dimensional manifold K2> x 
on the type IIB side takes the form 

ds'^ = Agmudx'^dx'^ + AA^ gA. (3.32) 

To write the metric on the type I side we use the set of equations (3.21), (3.23) and 
(3.25). The metric has a fibration structure as has been discussed earlier [^. The novelty 
of the present case is that we are taking a non-trivial complex structure into account. This 
makes the details more interesting. The metric becomes 

ds^ = ^-g^r^dx-dx- + 4^ + det(^^i+^^3)-c^x ^ 

Adetg Adetg 

+ det(^^2 + ^a0-c^x ^ _ 
A det g '- 

Observe that the directions x^ and x^ are non-trivially fibred on the K3 base. The 
twist in the fiber is governed by the B fields. Let us consider now the simpler case given 
by (3.27), which is the case considered earlier in 0. Under this assumption the metric 
simplifies to 

A~-^ 2 2 

ds^ = Agmndx'^dx''^ \dx^ + tr(6ai) ■ dx] H \dx^ + tribas) ■ dx] . (3.34) 

tr(^ai) tr(^a3) 
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Finally the type I dilaton is related to the type IIB dilaton by 




(3.35) 



Since T-duality is a perturbative symmetry it produces a consistent background of 
type I. We will perform various checks in the later sections to see that this is indeed the 
case. The type I background with torsion, as we shall see, has to satisfy many consistency 
conditions. In the next section we will take a simple orbifold model and predict the 
various fields. Also since T-duality preserves supersymmetry, this will be a supersymmetric 
background in four dimensions. As shown in section (3.1) the supergravity description is 
valid for both theories, type IIB and type I. Therefore we expect our heterotic/type I 
background to satisfy the conditions found in []1|, 0] and 0. 

Under an S'-duality transformation we go to the heterotic background. In our notation 
the heterotic string will have a coupling 



where by Pf we denote the Pfaffian of g. 

4. Torsional Background: Detailed Analysis 

In the earlier sections we described a framework to study a torsional background which 
can be derived from a consistent background of A^-theory. As we saw, a warped metric in 
A^-theory gives us, under a series of t/-duality transformations, a type I background with 
fiuxes turned on. By performing an S'-duality transformation we get a compactification of 
the heterotic string on a manifold with torsion. This background, as briefiy alluded to in 
the introduction, has to satisfy a number of constraints. In this section we show that the 
type I or heterotic background originating from the A^-theory compactification on T^/Q 
satisfies all the torsional equations. 

4.1. T^/Q Orbifold Example in Detail 

We start with Al/jF-theory on T^/Q, where Q is the orbifolding group. This corre- 
sponds to the type IIB theory compactified on the orientifold x T^/X4, where the 
^2 action has been defined earlier. 



9het — 



e-^A Pf(^7), 



(3.36) 
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We choose the G-fliix of Al-theory as 



— = Adz^ A dz^ A dz^ A dz"^ + Bdz^ A dz'^ A dz^ A dz'^ + 




(4.1) 



Cdz^ A A dz^ A (iz^ + r>d^^ A dz^ A A + ^ ^VL\ 



where 2;* are the complex coordinates of and are the harmonic 2- forms on T^/Zi. 
From the form of G we see that it has a constant part, which is spread over the full 4-fold, 
and a localized part which is concentrated at the singular regions. When we go to type 
IIB by shrinking the A4-theory two-torus (parametrized by z"^) to zero size, the constant 
part gives rise to the 3-form fields and the localized part appears as gauge fiuxes on the 
7-branes. This form of the G fiux is necessary to get a consistent solution in the heterotic 
theory. As we shall discuss later, in the absence of the localized fiux, there is probably no 
warped solution. In the next couple of sections we shall however suppress this contribution 
and will assume that the G-fluxes are constant for our case. This is not so unreasonable. 
The contribution from the localized fluxes come as 0{a') compared to the other terms in 
heterotic theory. 

Therefore let us reduce the result (4.1) along the 2;^ direction to go to the type IIB 
theory. The constants A,B,G,D are related by the identity 



where x is the Euler characteristic of the 4-fold T^/Q. 

Demanding that G is real implies further constraints on A, B, G and D. We set ^ = 5 
and G = D and we introduce the notation 



The anomaly condition (4.2) in the presence of n M2-branes will constrain ai,Pj by the 
following relation: 




(4.2) 



A = ai + ia2 



and 



(4.3) 



4:(al + al + Pj + Pi) + n = 24. 



(4.4) 



To derive (4.4) we have assumed 




and 




(4.5) 
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as our periods for a smooth manifold with ^ being the x, y one-cycles. Furthermore, we 
use the following quantization conditions: 

ai±f3ie 2TL and ^2 ± /32 e 2Z. (4.6) 

These quantization conditions take into account that G/2t{ takes half-integer values 
when integrated over all 4-cycles. This also holds for the twisted sectors. This is a subtle 
issue and has to be dealt with case by case for any given orbifold. More details of this 
have appeared in ||^. Moreover, the quantization condition is modified from the usual 
cases because the orbifold action reduces the volume of the cycles. For the above case the 
volume of the 4-cycles is reduced by a quarter. 

Let us consider dz'^ = dx^^ + ipdx^^, where (f is the axion-dilaton combination which 
we have defined in section 3.2. This decomposition can be used to get the 3-forms on the 
base K3 x T^/'^2- We set 

— = H A dx^"" - H' A dx^K (4.7) 
27r ^ ^ 

Therefore after lifting to JF-theory (or type IIB) the H and H' fields are 

H =Adz^ A dz'^ A dz^ + Ddz^ A dz"^ A dz^+ 

Bdz^ A dz"^ A dz^ + Cdz^ A dz^ A dz^, 
H' =Lp{-Adz^ A dz^ A dz^ - Ddz^ A dz^ A dz^)- 

<^{Bdz^ A dz"^ A dz^ + Cdz^ A dz^ A dz^). 



We observe that all the field components have one of their legs along the z^ direction. 
Here z^ is the complex coordinate of j'S.^. To make connection with the real coordinates 
described earlier, we use z^ = x^+ix^. In terms of complex coordinates the type IIB metric 
is given by 

ds'^ = 2{g-^idz^dz^ + g22dz'^dz'^ + g^^dz^dz^). (4.9) 

Observe that we have used a diagonal complex structure of the tori with Tij = iSij for 
i,j = 1, 2, 3. To see whether this is the case we have to study the background a little more 
elaborately. Let us go back to real coordinates and define more generally 



dz'^ = dx'^ + t'^-' dy^ with Tij = diag (ri, r2, ts). 
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(4.10) 



The background can be determined in terms of a superpotential whose form is given by 
(2.1). For our case however it i^ 

W ^ {ao + ifco) det r - det r tr[(a + (pc)'^T~'^] - tr[(6 + (pd)'^T] - [bo + ipdo). (4.11) 

We wiU consider general diagonal matrices of Cij^bij, Cij, dij and generic c- numbers 



ao, bo, Co, do. This is related to an example considered in section 4.3 of [10|. To make 



contact with the notation of [|T0[ we relabel our coordinates in the following way 



(X4, X5, X6, X7, Xs, Xg) (xi, T/i, X2, 2/2, X3, 2/3). (4.12) 

Therefore our background will be labelled by 

aij = diag(ai, a2, 03), bij = diag(6i, 62, ^3) 

(4.13) 

Cij = diag(ci, C2, C3), dij = diag((ii, d2, ds). 

These matrices are used to write the background NS-NS and R-R 3-forms. We shall ignore 
the a' dependence of these forms for the time being. In the units of a' they are of order 
one and the localized fluxes in (4.1) are of order a' . The 3-forms are 

H' = aotto + tr(a^a) + tr(6^/3) + boPo, 

(4.14) 

H = cqcko + tr(c~''ct) + tr{d~^ (3) + doPo, 



where ct, /3 are deflned in eq (2.17) of [T^]. The superpotential for our case can be written 
in terms of the above matrices as: 

W =(ao + ^pCo)TiT2Ts - (ai + ipCi)T2T3 - (a2 + ^pC2)TiTs - (03 + V?C3)rir2 

(4.15) 

- (61 + (pdi)ri - (62 + fd2)T2 - (63 + (pd3)T3 - {bo + tpdo). 
Let us now assume our background to satisfy 

Tij = diag (i, i, i) and ip = i. (4.16) 



^ Observe that this choice of superpotential differs from the usual choice (2.1) by relative minus 
signs. This is because we preferred to choose —H' as our RR three-from. This also implies that 
G3 = H' + ipH is a (2,1) form, as it should. 
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Minimizing (4.15) with respect to we have the following set of ten relations 

between 16 variables: 



ai +a2 + as = bo, 


bi + b2 + bs = 


— ao, 


Cl +C2 +C3 = do, 


C2 + C3 - 61 = 


oo, 


a2 + a3 + di = -Co, 


Cl + C2 - 63 = 


ao, 


ai + a2 + ds = -Co, 


di + d2 + ds = 


■■ -Co, 


ai + as + d2 = -Co, 


Cl + C3 - 62 = 


= Go- 



In the following we would like justify our choice of complex structure (4.16) by showing 
that it can be derived from the superpotential (4.15). Indeed, the 3-form (4.14), together 
with the relations (4.17), reproduces the kind of background we have used in (4.8). There 
is a one-to-one correspondence between the parameters. The free parameters are given by 

co = A + B + C + D, do = i(-A-D + B + C), 

(4.18) 

c^ = i(-A + D + B -C), di = -A + D-B + C. 
The rest of the parameters are determined in terms of co,do,ci, di by 

C2 = 61 = —62 ■ 

C3 = ao = -^3 
d2 = —ai = a2 
d3 = a3 = bo = 

Including other terms in (4.1) we may also choose to cancel all the anomalies with 
branes. In general, the analysis of T-dualities would also apply in the presence of branes 
if we delocalize direction. In the presence of D3-branes we will obtain the type I theory 
with 5-branes. These 5-branes will eventually be the heterotic 5-branes. We would like to 
consider a background for the heterotic theory without any small instantons. This would 
mean that the anomalies in type IIB or A^-theory have to be cancelled by fluxes. 

From the analysis done above we see that the only free parameters are co,do,ci,di. 
The rest of the parameters are determined by some choice of these four variables. But 
we are not free to choose any variables. They are highly restricted by (4.6) and (4.4). It 
turns out that there is only one choice by which we can cancel anomalies and satisfy the 
quantization conditions 

Co = 4, do = 0, 

(4.20) 

Cl =4, di = -4. 



-Cl, 

do, 

-- -di, 

-Co. 



(4.19) 
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This implies A = 2 + i and C = i. For the present case we do not require any 
wandering D3-branes to cancel the anomaly. However the above calculations did not take 
the other terms of (4.1) into account. The term with localized fluxes can take fractional 
coefficients, so that different values of A, .... D could be generated in our modei. 

For the A^-theory lift of the model discussed in |]T^, i.e for TVl-theory compactifled on 
the 4-fold T^/Xg, the quantization conditions and anomaly constraint are 

cti ± /3i G 2 and a2 ± (32 e 

(4.21) 

8{al + al + Pi + PI) + n = 16. 

For A = l-|-z,C = OorA=l,C=lwe can have no wandering D3-branes in this model. 

As discussed in the previous sections we also have four D7-branes and one 07-plane 
at every flxed point of the base T^/X2. The metric (733 should not be flat as we expect 
backreactions from the branes and planes. In the general case, if we move one of the 
7-branes in our system slightly then all the 0-planes become (p, q) 7-branes under non- 
perturbative corrections. We shall not repeat the details of this mechanism here as this 
has been discussed extensively by Sen |T^]. For our case (4.16) tells us that we have a 
charge cancelled situation ^ = and therefore those moduli are flxed. Thus the metric 
will be flat everywhere except at the singular orbifold points. From the A^-theory point 
of view the Xs term is responsible for the D7- and 07-planes. For this case 

^8 = ^ E SHz-z^)6^iw-w^), (4.22) 

where z^,'w^ are the flxed points of T^/T4 x T^/I^. 

From equation (4.8) it is easy to determine the B and B' backgrounds. They are: 

B =Az^dz^ A dz^ + Bz^dz'^ A dz^ - Cz^dz^ A dz^ - Dz^dz^ A dz^, 

j (4.23) 

B' =— (-Az^dz^ A dz^ + Bz^dz'^ A dz^ - Cz^dz^ A dz^ + Dz^dz^ A dz^) . 
9b 

Observe that these B flelds are not globally deflned. To describe these flelds we have to 
use patches on the six-manifold. H however is globally deflned. 



^ In fact this could actually be used to fix the moduli in [ pO| . There we needed a D3 — D7 
together and all the others to be far away. The axion behavior could now be chosen in such a way 
that we have non-zero value at every point. This non-zero value should be tuned in a way that 
most of the D7 and the {p,q) 7-branes are far away. A similar consideration apply to [ ]19[ |. We 
choose an axion configuration which would tell us that all the 7 branes are far away. 
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T-dualising to type I, the non zero fields are the metric g^^ and fields. The metric 
takes the form 

ds^ = 2glj^ dz^dzK (4.24) 

The type I metric can be expressed in terms of the type IIB metric and the NS-NS B field. 
Under T-duality the B field dissolves in the metric if it has components along the T-dual 
directions. From (4.23) we see that this is the case. Therefore (4.24) takes the form 



ds = 2giidz dz + 2g22dz dz 

+ ^ (dz^ + 2Dfdz^ - 2AzUz^^ (df + 2Cz^dz^ - 2Bz^dz^^ . ^^"^^^ 



As can be easily seen all other components of the metric are zero for the case that we 
are considering. The above metric (4.25) gets further simplified by imposing the condition 
that the G-fluxes should be real. It takes the following form 

1 2 

ds^ = 2g^idz^dz^ + 2g22dz^dz'^ + \dz^ + 2Dz'^dz^ - 2Az^dz^\ . (4.26) 

2^33 

The B^ field of type I can be easily found from (3.30) using the set of fields (4.23) forming 
a vector bundle. It is given by 

B^ = — (Az^ dz"^ A dz^ + Bz^ dz'^ A dz^ - Cz"^ dz^ A dz^ - Dz'^ dz^ A dz^) . (4.27) 
9b 

Indeed, from (4.23) one can easily see that Bms = ~9bB^q and Bm9 = gsB'^g. This 
implies that the only non-vanishing components have one leg in the zs or zs direction. 
Finally the type I coupling is related to the type IIB coupling via 

91 = (4.28) 

^5'33 

From the metric components we see that type I theory is compactified on a non trivial 
six-dimensional manifold. The geometry of the space is clear from (4.26). The z^ and 23 
directions are fibred in a specific way over the base. The twist of the fiber torus originates 
entirely from NS-NS B field of the type IIB theory. This is a solution with torsion and 
therefore there are lots of constraints on it. In the next section we will discuss these 
constraints and show that our solution does indeed satisfy all the constraints. 
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J^-.2. Analysis of the Torsional Constraints 

In the Einstein frame a type I/heterotic background is supersymmetric when it satisfies 
the conditions0 

#M = Vmc + ^e-'^/^TMU - imM)e = 0, 

5\ = r^VA.</>e - -e-^/^m = 0, (4-29) 
6 

Sx = e-'^/^FMArr^^e = 0, 

for some Majorana-Weyl spinor e. With indices M, we label the ten-dimensional coor- 
dinates. Here x is the gluino, i/jk is the gravitino, A is the dilatino and H is the 3-form 
field satisfyin^iil 

dn=^ \pi{R) - pi{F)] = Y^itrR AR-^TrFAF). (4.30) 

We have also defined H = Hmnp^^^^^ and Hm = 'Hmnp^^^ ■ 

The choice of coordinate system used in (4.29) is not appropriate because the metric 
is not the one that is used to measure distances. There is a more convenient coordinate 
system that is obtained by transforming the fields in the following way 

9MN^e^/^gMN, e^e'^/Se, A ^ e-^^/^A, V'm ^ e'^/S(^M - ^FmA) (4.31) 

We denote the resulting heterotic metric by Gmn- It is related to the previous type I metric 
by 

Gm^ = ^ gi,^. (4.32) 
9b 

Here we have used that the heterotic coupling is related to the type HB coupling by 

gnet-e'^-^-^. (4.33) 
9b 

For the particular case of compactification with a maximally symmetric space-time, 
unbroken supersymmetry implies that the warp factor is proportional to the coupling. It 



In this section (f> = (f)het unless mentioned otherwise. 

We differ here, for example, from ||2| by a factor of 2. This factor is important to compare 
type TIB and type I theories. It is also important to determine the gravitational couplings on 



0-planes. For details see |22]. 
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also requires the space-time to have vanishing cosmological constant . To see this observe 
that for the choice of metric given in (4.31) the covariant derivative is shifted by 

VM-^rM7v9^1ogA. (4.34) 

o 

This imphes that the external component of the gravitino supersymmetry transformation 
law is given by 

#M = V^e - ^r^,a^(logA -(/>)= 0. (4.35) 
o 

The above conclusions follow by contracting (4.35) with F^^V p. 

Our six-dimensional compact manifold is complex with fundamental form 

J = iG^i dz" A dz^. (4.36) 

If (iJ = the manifold is Kahler and J is the Kahler form. The complex structure is 
constructed from the positive chirality spinor on the six-manifold, and is 7i-covariantly 
constant 

2V^ J/ - n^lJ^^ - J/ = 0. (4.37) 

Multiplying the above equation by the complex structure gives us the following important 
relation between the background 3- form and the fundamental form [|l| j^]: 

H = i{d-d)J, (4.38) 

which can be expressed in terms of components as 

T~(-rhnp 2(jrpJ^ j^] and T~(-jnnp ^(jjjjj^ ,^]. (4.39) 

Observe that the relation can now be written purely in terms of type I variables. The type 
I metric of course involves the warp factor in a complicated way as we have seen in earlier 
sections. The way we have derived this differs from by a factor of 2. 

By rescaling the fields as in (4.31) the set of equations in (4.29) becomes dilaton free. 
This implies that the killing spinor equation becomes 

{f<P-^n)e = 0, (4.40) 

which together with (4.39) gives rise to an equivalent relation between dilaton and 7i-field 
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(4.41) 



In general the internal six-dimensional manifold will be non-Kahler. The shift from 
Kahlerity is given precisely in terms of the warp factor as 



d)j = i{d - d) logA. 



(4.42) 



G 



ab 



G21 G22 G2S 
\ G3I G32 G33 / 



2 

9B 



Therefore when A = 1 or constant dilaton we have our usual Calabi-Yau compactification. 

In the type IIB background most of the moduli fields of the internal manifold are 
fixed. From our earlier analysis (4.16) we see that qb = ^- However, we will retain the 
coupling in all equations. Our final results will be independent of the choice of the coupling 
constant. 

To verify the constraints we need the components of the heterotic metric. It is easy 
to extract from (4.25) and it is given by 

/Gil ^12 Gi3\ fgngss + CDz^z^ -BDz^z^ Dz'' /2 \ 

-ACz^z'^ 022933 + ABz^z^ -Az^/2 

\ Cz^/2 -Bz^/2 1/4 / 

(4.43) 

There are a set of 24 equations which follow from (4.39). In the following we will be 
demonstrating that these equations are consistent. 

Using the duality relations derived in the previous sections we find the following 
equations 

^231 = — = -2Gi[2,3] and 7^132 = -— = -2G2[i,3], (4-44) 
Qb Qb 

which are consistent. Observe that since the results are written in terms of the field 

strength, they are globally defined over the full six-manifold. The other non-vanishing 

components are 

H121 = and G'i[i,2] = —^{gn ^33) + (4.45) 

^ ^ Qb oz^ gs 

While the other component is 



212 







and 



<^2[l,2] — -^{922 933) ^ ' 



(4.46) 



gB dz^ gB 

and their complex conjugates. 

If the identity (4.38) has to hold then we expect (4.45) and (4.46) to vanish. Therefore 
we expect 

^ (^11 ^33) + CDz^ = — {g22 ^33) + ABz' = 0. (4.47) 
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The metric of the internal space in the type IIB theory is basically the flat metric on a 
square torus multiplied by a warp factor A as shown in (3.19). After taking the warp 
factor dependence into account (4.47) become linear equations for the warp factor that 
take the form 

^ + CDz' = ^ + ABz' = 0. (4.48) 
OZ'^ oz^ 

These linear equations have an origin in the type IIB side of the duality. Indeed from the 
definition and self-duality of F5 we obtain the equation 

dD+ = hB AH' - B' AH). (4.49) 

We have also seen that the condition for unbroken supersymmetry implies a relation be- 
tween and the warp factor. This relation implies that (4.49) takes the form 

icdA-^ = ^{BAH' -B' AH). (4.50) 

The Hodge ★-operator in (4.49) and (4.50) is defined with respect to the ten-dimensional 
metric. In order to compare with (4.48) we have to transform this to the Hodge operator 
with respect to the fiat metric which we denote by The result is 

* dA^ = i [ABzidz^ A dz^ A dz^ A dz^ A dz^ + CDz^dz'^ A dz^ A dz^ A dz^ A dz^ - c.c.) . 

(4.51) 

After expanding in components we obtain exactly (4.48). This explains the type IIB origin 
of the constraints (4.39). Note that (4.51) also implies that the warp factor is z^ and z^ 
independent. This is consistent with our assumptions. 

By acting with the adjoint of d on (4.51) it is easy to obtain the quadratic warp factor 
equation 

V^A^ = -2{AB + CD) = -2 {aj + al + pj + /3|), (4.52) 
which from the A^-theory point of view takes the form 

y2 g3*/2 = _ 1 ^ G") = -2 («? + + + pl). (4.53) 

We have used the fact that the volume of the fundamental domain is reduced by 1/4. The 
equations (4.52) and (4.53) are identical if 

A^ = e3*/2 (4.54) 
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which is indeed the case because it is required by supersymmetry 0. 

Observe that in the two equations above (4.52) and (4.53) we did not incorporate the 
delta function source terms. It is straightforward to incorporate these in (4.53) but it is 
not so easy to see how they appear in (4.52). This problem is partly related to the fact 
that we have taken (733 to be a flat metric. Because of the presence of orbifold points the 
flat choice would actually not really work. To get the exact form of g^^ one has to solve 
Einstein's equation in the presence of fluxes. However, instead of doing this we can still 
view g^i to be flat at all points and incorporate additional delta function contributions 
by hand. In other words, if we call the actual Laplacian, which takes into account the 
singularities, □, then the relation between the two Laplacians is 

□ = + X, (4.55) 

where x takes the singularites into account. From dimensional analysis we immediately 
see that x is of order where L is the typical length scale on the six-manifold. The 
singularities should contribute delta functions to x, and thus the most general form for x 
is 

x^iV ^ ^^(.-.-)^^>-«^^)^ 

where is a number that could be determined from actually solving the gravity equations 
and taking the gravitational effects of D7-branes and 07-planes into account. Combining 

(4.56) , (4.55) and (4.52) we get 

D = -2{al+al+(3l+(3l) + N ^ 6''{z - z') 6\w - w^), (4.57) 

and using (4.22) we can conflrm (4.54). 

We should mention the following important point. In deriving the type I background 
we have assumed that all the flelds are independent of the z^^z^ directions. However, 

(4.57) do not reflect this fact. It is of course true that the correct warp factor equation 
should not involve delocalization, but the T-duality rules we have used are not attuned to 
this. A more general T-duality rule is required to get the background that includes the 
delta function sources. But to the lowest order in a' we have obtained the correct answer 
and we have verifled that it is consistent. 

For the simpler case when we ignore the backreaction from D7-branes we can express 
the solution of (4.57) in terms of the Green's functions of the compact space K. Because of 
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the compactness of the internal manifold there exists an IR cutoff. This IR cutoff appears 
as the volume factor in the Green's function [03 



□ K{z, z\ w, w^) = 6'^{z- z') 6'^{w -w^) - (4.58) 

vv 

where v and v have been defined in section 3.2. The backreaction from the D7-branes 
becomes important when the charges are not cancelled locally. The localized delta function 
source that has appeared in (4.57) originate from the Xg term of A^-theory. As we discussed 
in (4.1), there is yet another localized source which is responsible for the gauge fields on 
the D7-branes. We have been neglecting that term but it also contributes to H and H' in 
(4.8). The contribution is such that 

4 

i [H A H') = A{al + + + /3|) + ^ ★ tr (F* A F') 6'^{z - z'). (4.59) 

1=1 

We are working at the supergravity level in which we do not expect to see non-abelian gauge 
fields. But we have included a trace in front of the gauge fields in (4.59) because we will 
argue later that non-abelian gauge fields should appear after taking wrapped M2-branes 
into account. The non-abelian gauge symmetry we expect for our model is D\. Indeed, 
we have four points on the base with one 07-plane and 4 D7-branes at every point. The 
D7-branes generate an t/(4)'* gauge symmetry which is broken by the 07-planes to an 
SO{9>Y = D\ symmetry. 

For the orbifold case the curvature are localized at the fixed points. This is apparent 
from (4.57) and (4.22). Therefore the equation of warp factor will modify from (4.57) to 

□ A2 = -2{al + al+ (3l + + 5^{z - z') [N 6^{w - w^) - i tr {F^ A F^)] . (4.60) 

Comparing with (4.58) we seem to be missing some volume factors. The reason for this is 
that we have taken unit volumes throughout. 

Let us consider now a simpler situation where the instanton term is a delta function. 



The warp factor can actually be derived for this case following the calculations of [^^. It 
is given by 

A'^ = cq + ci K{z,z\w,w^), (4.61) 

where cq, ci are constants and K is the same Green's function as in (4.58). In the limit in 
which the size of the six-manifold is very large i.e. when 1^1, \vo\ — > oo, we have 

Co, rf^ = and dJ = 0, (4.62) 
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implying that the internal manifold is Ricci-flat and Kahler. Since we also have a vanishing 
first Chern-class, (4.62) would imply that at large radii these manifolds are Calabi-Yau 3- 
folds. For the case that the radius is a parameter of these string compactifications, quantum 
effects will prefer large radii and hence Calabi-Yau manifolds, as has been argued by Dine 
and Seiberg in . This would be contradictory! Non- vanishing total fluxes like the ones 



we have in the present model can not be supported by Calabi-Yau 3-folds. Indeed, when 
the heterotic string is compactified on Calabi-Yau 3-folds fluxes are not allowed if we want 
to preserve some supersymmetry. Therefore we would find that these compactifications are 
inconsistent. This puzzle could be resolved if the solutions we constructed would contain 
a scale a' which could be used to actually fix the radius. Therefore these manifolds will 
not have a large radius limit. Some of these manifolds have also been studied recently in 

Up to now we have mostly ignored the localized fiuxes appearing in (4.1). In the 
following we would like to study the condition for unbroken supersymmetry on those fiuxes. 
The generic supersymmetry condition for G-fiuxes is given in (1.1). For a choice of Kahler 
form J it is easy to see that the constant part of (4.1) satisfies (1.1). For the localized 
piece of G we find 

4 

Ga-BcdJ''' = ^ E g^'F^ahi^'.z^^',^') Kd(z\z\-z\-z^)=Q. (4.63) 

i=l 

Here we have used that O A J = because of the anti-self-duality of O. The form O is a 
(1, l)-form and not a (2, 0)- or (0, 2)-form because as discussed in (2.20) it is anti-self-dual. 
In fact, for jX^ sixteen of these localized forms contribute to h}^^ in addition to the 
already existing four X4 invariant forms dz^ f\dz^ to complete the twenty (1, l)-forms. Also 
since we are performing T-dualities the fields F^i and g^i are independent of the (2'^, z^) 
directions. We do not need an explicit representation of O, but to extract information 
from (4.63) we need the orthogonality condition 

/ nl- = {16nf6^^ Sjf, (4.64) 

JK3 

where we have set the mass parameter on the right hand side of (4.64) equal to 1 (see for 
example [l36||). 

Integrating (4.63) over the 4-manifold K3 and using the relation (4.64) we obtain the 
condition for unbroken supersymmetry satisfied by the gauge fiuxes 

g'^'F^^-^ = 0. (4.65) 
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This is of course the expected primitivity condition for the gauge fields on the D7-branes. 
This serves as another confirmation that the focahzed fluxes are the 7-brane gauge fields. 

The above analysis only gave us the gauge fields that are in the Cartan subalgebra of 
Df. The couplings and Lagrangian of the ten-dimensional fields involved in the decompo- 
sition (4.1) and (4.7) can be worked out easily. By plugging in the value of G-Hux (4.1) 
one can show that the Lagrangian of A^-theory decomposes as 



I ^ I d^^x {g^^\H\^ + \H'\^) + ^ j d^a \F^\' 

J J 1=1'' 

jcAGAG J D+AHAH' + ^ J d^a D+ AF' AF' 



(4.66) 



The first terms appear in the type IIB bulk and the second terms are interactions on the 
D7-brane world- volume. The C AXg term gives rise to the couplings on the D7-branes and 
07-planes only and it gives no contributions to the bulk interactions. We have used the 
orthogonality condition for the components of fl to get the interactions of the D7-brane 
world-volume gauge fields. As we see, this analysis only gives the abelian part of the gauge 
group (i.e the Cartan subalgebra). By taking wrapped M2-branes on the vanishing cycles 
at the fixed points into account we can argue for the complete non-abelian symmetry of 
our model. These M2-branes are wrapping 2-cycles of the 4-fold and are therefore different 
from the anomaly cancelling M2-branes in the (2 + 1) -dimensional space-time. Using U- 
duality it should be possible to see a similar kind of relation for the heterotic gauge fields. 
We would need a similar (1, l)-form for our six-manifolds. We postpone the details of this 
analysis to the future. 

Finally, as discussed by Strominger, the six-manifold supports a unique holomorphic 
(3, 0)-form. This form is in the middle dimensional cohomology. Let us recall the metric 
of the six- manifold again (we take = 1 for simplicity here): 

ds'^ = Ag^^gndz^dz^ + Ag^^g22dz^ dz"^ (dz^ d^dz"^ (dz^ -h VdzP^ , (4.67) 

where aj, hj are complex variables that can be obtained from (4.25). The form of the metric 
reminds us of the four-dimensional Taub-NUT space. The (3, 0)-form can be constructed 
from the negative chirality spinors that are 7Y-covariantly constant 

a; = i e'*'^ r/Iriasr/- dz^ A dz^ A dz^, (4.68) 
30 



where a is a constant. We have to determine this constant for our case since our conventions 
are different to those of 0, and therefore a wiU be different. We have an additional factor 
of 1/2 in (4.68) because for our space dz^ shifted according to 

dz^ ^dz^ + Dz'^dz^ ~ Az^dz^. (4.69) 

This (3, 0)-form should be independent of background fields. In particular we expect 
it to be independent of dilaton, i.e 

d^u = 0. (4.70) 

From the form of (4.68) it is not a-priori clear how this could be because the dilaton 
appears explicitly in the definition of uj. On the other hand, it is clear from the set of 
transformations (4.31) that the the dilaton dependence enters secretly after the rescaling 

Ta — > 64 Ta, and rj- e &rj-. (4.71) 

Using this we conclude a = —2. The (3, 0)-form is determined completely in terms of the 
complex structure alone. Because of the compactness of the six-manifold any holomorphic 
3-form we construct in this space would necessarily be a constant multiple of w. 

Thus once we know the holomorphic form and the complex structure of the six- 
manifold we can in principle determine the background Ti. field and the dilaton (p. However, 
so far we have not addressed the crucial question of the existence of this form. It turns 
out that if n 7^0 but0 dTi = then there exists no holomorphic form on the six-manifold 
1 3^ . For our case dli. ^ and the non zero value comes from the additional term that we 



have in (4.1). As discussed earlier this additional term comes from the localized G-fluxes 
near the singularities. On the type I side these localized fluxes will appear as gauge fields 
on the D9-branes which, when 5'-dualised will be the heterotic gauge fields. 



5. Discussion 

In this paper we have given an explicit compactification of the heterotic string on a 
six-dimensional manifold which is non-Kahler and has vanishing first Chern class. We have 
seen that the 3-form fiux is non-vanishing. The metric of the six-dimensional manifold is 
determined in (4.25) and is shown to satisfy the torsional constraints that are imposed by 

This eliminates the familiar Calabi-Yau compactifications where 7i = dTL = 0. 
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the form of the supersymmetry transformations. This exphcit formulation of the back- 
ground should be useful to study other non-Kahler manifolds with torsion that can arise 
by removing some of the restrictions that we have imposed in section 4.2. The metric for 
the most generic background is derived in section 3.3. Showing that the general case also 
satisfies the torsional constraints is mathematically intense and we have not attempted 
to do it here. We are implicitly assuming that we can cancel all the anomalies by fluxes 
without using any wandering D3-branes. In the presence of D3-branes the torsional equa- 
tions will themselves get modified by the backreactions from heterotic instantons. A more 
detailed analysis is therefore required to verify the torsional constraints for this case. But 
it is clear from duality arguments that this is a valid supergravity background. 

There are other interesting questions and open problems that need to be addressed to 
complete the story: 

> From (3.33) the topology of these manifolds is clear. They have a specific fibration 
structure. But important questions like the Euler characteristics or the value of the 
Hodge numbers have to be answered. Since the metric and the topology is known, 
these details should not be too hard to determine. 

t> In [l^] a type IIB background is determined by minimizing the superpotential (2.1). 
We also expect the heterotic background to follow from a superpotential. The tor- 
sional equations (4.39) and the Donaldson-Uhlenbeck-Yau equation for the gauge bun- 
dle should follow from an effective action in four dimensions. This matter is under 
investigation and more details will appear elsewhere 

> As briefiy discussed in the text, the standard embedding of the spin connection into 



the gauge connection will lead to a trivial dilaton and a constant warp factor ||37|| . 
Therefore, having a non-constant warp factor will depend on the details of the her- 
mitian structure of our six-manifold and the choice of gauge connection. This aspect 
can be used for building models that are phenomenologically attractive. 
> Throughout the paper we have mostly concentrated on the A^-theory compactification 
on K3 X K3. For the compactification on T^/Xg there will be no D7-branes or 07- 
planes in the type IIB lift of the A4-theory solution. Therefore, if we cancel the 
anomalies completely by fiuxe^i there will only be an abelian gauge symmetry in 
the four-dimensional space-time. It is an interesting question to trace what really 
happened to the 5*0(32) or Eg x Eg gauge bundles on the heterotic side. 
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We thank Shamit Kachru for discussions on this point. 
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> Another important question concerns the size hmit of our manifolds. We showed that 
for large radii these manifolds become Calabi-Yau and that this was a contradiction 
because the constant total fluxes could not be supported by Calabi-Yau manifolds. 
As suggested by the 3- form equation dH = a'{pi{R) — pi{F)) has a scale a' which 



can be used to fix the radius. This is presently under investigation 38 
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